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Abstract-In many papers on oriented continua some orthonormal angular coordinates were
proposed. With respect to the curvature of the orientation space, it is obvious that such coordinates
could not be applied in practice. Therefore, instead of these coordinates a tensor field of rotations
had to be used to define the wryness tensor.

In this paper the curvilinear coordinates in orientation space are considered, The Euler angles
are an example of such coordinates. The inertia conservation law is replaced here by a constitutive
relation. From the physical point of view this relation is more general and seems to be better justified
than the mentioned law. Within the framework of the polar continuum theory a micromorphic
structure is discussed. Some remarks on the principle of a material frame-indifference are also
presented.
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angular metric tensor in the current configuration
metric tensor in the current configuration
angular metric tensor in the reference configuration
metric tensor in the reference configuration
shifters
alternating tensors
mass density
tensor of inertia
Euler tensor of inertia
velocity vector
angular velocity vector
external force density
external angular force density
angular momentum density
stress tensor
couple stress tensor
heat source density
heat vector
entropy density
internal energy density
free energy density
temperature
deformation gradient
angular deformation gradient
strain tensor
angular strain tensor
stress tensor
couple stress tensor
wryness tensor
rotation tensor
orthogonal part of the deformation gradient
symmetric part of the deformation gradient
stretch tensor.

I. INTRODUCTION

In 1909 E. and F. Cosserat published the monograph on the continuum mechanics of
oriented bodies. Later, the theory was developed by Toupin (1964), Eringen and Kafadar
(1976), Nowacki (1971), and Ericksen (1976) among many others. In consequence, many
various constitutive descriptions of polar deformations have been proposed. To distinguish
between the models they were called: polar bodies, Cosserat media, microstructural,
micromorphic, microstretch media and the like.
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The concept developed here goes back to the idea of Kafadar and Eringen (1971). In
the next section a description of the position and orientation of a polar particle in spatial
and angular coordinates is discussed. The Euler angles are used as an example ofcoordinates
in the curvature space of orientations. The third section deals with field equations derived
from the balance laws. The fourth section is devoted to the constitutive description of the
finite deformations of polar media. Next, a micromorphic structure is considered. Finally,
the problem of the reference frame objectivity of the constitutive equations for the elastic
polar medium is discussed.

2. KINEMATICS

Let x be a vector describing a position of a particle K in a three-dimensional Euclidean
space IR, where (Xl, x 2, x 3) denote components of the position in a curvilinear coordinate
system {x"}. Let ek denote the k-base vector tangent to the k-coordinate line at the point
x. Evidently, x "# x"ek; however, for any vector v applied at Kwe have v = vkek' Similarly,
let some coordinates, e.g. the Euler angles (f/J I, f/J2, f/J3), describe the orientation t/J of Kin
the standard orthonormal basis i h i 2, i 3 of the Euclidean space R According to Fig. 1, the
components (XK

) denote the reference position in terms ofthe curvilinear coordinate system
{XK

} in R Similarly, the components (cI>8) determine the reference orientation of the
particle in terms of the angular coordinate system {cI>0} in the orientation space.

It can be shown that for any geometric object (e.g. a crystal lattice) we can determine
the object orientation space 9i being the constant curvature space [see e.g. DltiZewski
(1991a)]. For any infinitesimal change of the object orientation through an angle doc we
find

(1)

Each rotation around an immobile axis marks a geodesic line in this space. The angle
between two different orientations of the object is the Riemannian distance. With respect
to the curvature of the orientation space it is impossible to introduce any set of orthogonal

xk

o

Fig. I. Bases and coordinate lines.

Fig. 2. Euler angles ¢',¢2,¢3 understood as the angular coordinates; e"e2,e3-the angular base
vectors.
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coordinates in fJt for which the finite angular distance () between two different orientations
could satisfy () = Jl/J.l/J•. Such coordinates were proposed in many papers [cf. Eringen and
Kafadar (1976)]. Obviously, they could not be used in practice.

In the case of the correctly defined coordinates, as curvilinear ones on the curvature
space, many tensorial quantities may be considered in terms of angular coordinates. For
example, the angular velocity vector (I), can be considered in terms of

(2)

The same vector can also be considered in the generally known curvilinear terms al on R
They are correlated by

(3)

where the angular base vectors e. are parallel to the axes of the instantaneous rotations
dl/J·, respectively (see Fig. 2) [cf. Skalmierski (1991)].

The angular velocity tensor is defined here with the help of the angular velocity vector

(4)

where e.kl is the two-point representation of the alternating tensor (see Appendix).
The motion of a polar continuum in relation to the reference configuration will be

described by two maps x(X, t) and <!J(X, t). We assume that for the reference configuration
the mapping cJ)(X) is given. The gradient of the displacement deformation is defined as

(5)

[cf. (19.1) in Ericksen (1960)]. Using the angular coordinates we can also define the angular
deformation gradient:

(6)

In many cases the rotation of a microstructure cannot be determined on the basis of
so-called polar decomposition of the deformation gradient F = RU, e.g. the crystal lattice
rotation in deformed grains of polycrystal. In such a case we may use the following
"polar" decomposition of deformation gradients in the rotation of microstructure and its
deformation, Le.

F = Q<t,

:F = Qr.

This corresponds to the following definitions:

<t == QTF,

r == QT:F.

(7)

(8)

The corotational gradients <t and r are often called the Cosserat deformation tensor and
the wryness tensor, respectively. Let us also assume that

!AS 3Chll-J

<t = <to +(f,

r = r o+1\ (9)
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It corresponds to the important definitions

(f == QTF-Fo,

~ == QTfF -fF0,

which can be written in the form

(fKL == QkK:<L -x1,
IleL == Qxe</J.L -<1>1,

where Qoe = QkK,"g~ (see also Appendix).

(10)

(11)

3. BALANCE LAWS

For a polar medium the balance laws have been discussed in many papers [e.g. Nowacki
(1971) and Kafadar and Eringen (1971)]. The mass balance, momentum balance, moment
of momentum balance and energy balance are stated respectively by:

d
d Ip dv = 0,
t "

dd IpVdV = 1t(nldS+1PCdV,
t v s v

:t 1 (x x pv+pk) dv = i(x x t(nl +m(n») ds+ 1 (x x pC+pl) dv,

:t 1 (pe+ !pv· v+ !pk· (1)) dv = 1 (t(n) •v+m(nl •(1)) ds+ 1 (pC· v+ pl· (1)) dv

-1q·ds+ IphdV, (12)

where t(n) = tk'n,eb m(n) = moknkeo, n denotes the unit normal to the surface s bounding the
polar body region v, and x denotes the vector product. The above laws give the following
field equations :t

P.t + (pVk).k = 0,

tk',1+PP = pvk
,

mok.k + 2tO + pI" = p/(o ,

. 1 '013 tk' 2tO + ok -.k + hpe - 2PWoJ Wp = Vk,l- Wo m Wo.k - '1,k p, (13)

t Except for the differentiation over time (P.t == op/ot) a comma denotes the covariant differentiation, e.g.

• _ ow' wP oep. • ,~ oep •
W.k - o:!' + o:!' e, where r kP - o:!' e .

Note that r k/ =F r p:. It means that the connection coefficients are not generated by metric tensors, this problem
is often discussed in the non-Riemannian geometries.
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In the case of rigid body mechanics the moment of inertia is defined by

where
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(14)

(15)

Zk denotes the k-coordinate in the standard orthonormal coordinate system in R By analogy
to the rigid body mechanics we assume

(16)

After Eringen in many papers an additional balance law for conservation of inertia is
assumed [see e.g. Eringen and Kafadar (1976)]. In my opinion we have no reason to
assume that the inertia of particles cannot change when the whole continuum is deformed.
Therefore, we assume here that the inertia of polar particles may change together with the
deformation of the continuum.

Entropy inequality
The entropy inequality is stated for a polar body to be

(17)

This leads to the field equation

(18)

Using (13)4' the last inequality can be expressed by

(19)

where ljJ = e-1]T.

4. POLAR ELASTICITY

Let us assume that the free energy of a polar particle depends on the particle strain
and temperature

Assume also that

ljJ = ljJ(X,(f,~, T).

j = QJ(X, (f,~, T)QT.

(20)

(21)

In other words, we assume that the moment of inertia may change together with the polar
particle deformation and the temperature. In our case
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and

where
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I h T (OJ"- oJ,.. OJ.) T hT
J = 'lJQ +Q o(f V;+ O~ ~+ oTT Q +QJ'l ,

~KL = -OJoeO/QrJ(L +QkKV~X~L'

'teL = OJ~kJ(LQoe,

QOe = -OJYeY"fJQfJe .

(22)

(23)

(24)

Substituting (22) and (23) into (19) we find

k(' 0'" Q K' 1 YQ A oJMI Q K , Q <Il fJ)+V,I tk -P o(fK
L

k X.L + 2POJ Y o(fk
L

k X.L fJ OJ

°(2 0'" 'Q K..k 1 YQ A oJA<Il 'Q K..k Q <Il fJ)- OJ to - P 0&Leok ,X.L + 2POJ Y o(fK~ eok ,X,L fJ OJ

°(k 0'" Q 8..k 1 YQ A oJA<Il Q 0 . .k Q <Il fJ) 1 T 0+OJ.k mo -P OXi8L ° X,L+2POJ Y oXieL ° X.L fJ OJ - T ,k ~ .

Assuming that the constitutive equation for heat flux, e.g.

q = QcI(X, (f, ~, T, QTVT),

must satisfy (I/T)T.k ::::;; 0 we conclude that

(25)

(26)

(27)

The deformation measures (f and ~ are conjugated with the following stress measures:

where

0'" 1 oj T
2: = Po o(f - 2POWQ o(f Q w,

_ 0'" 1 oj T
!A - Po 01' - 2POWQ o~ Q w,

2: == Po QTt(F-1)T,
P

!A == Po QTm(F-1)T.
P

(28)

(29)
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Thus, the entropy inequality can be rewritten as

2283

(30)

where '10 = (Po/p)'1.
Using the polar continuum theory the stretch of a polar particle can be described by the

following constitutive equation,

U = U(X,(f,~, T).

In such a case the Euler inertia of the particle is determined by

(31)

(32)

where I is the inertia in the reference configuration, i.e. I = I(X). In such a case the general
constitutive relation (21) can be replaced by more precise relations: (16), (31) and (32).

Comparing the present approach with the Eringen polar and micromorphic theories
the reader may find many differences. First of all in Eringen's approach the inertia of
particles cannot change, Le. the tensor of inertia rotates together with the particle. In other
words the microstretch of a polar particle does not induce any change of its inertia. In the
present approach the inertia may change together with the particle deformation [see e.g.
eqns (31) and (32)].

5. MICROMORPHIC STRUCTURE

Let us assume that a given material is composed of various microelements. By an
orientation of polar particles we may take an orientation of an arbitrary chosen micro
element within the polar particle, e.g. the orientation of the triangle in Fig. 3.

Using the polar continuum theory we may predict deformations ofother microelements
of the particle. Let the local rotation of a second microelement be governed by the relation

m = m(X, (f,~, T). (33)

For example, let. mdenote a local rotation of the square in relation to the orientation basis
identified with the triangle in Fig. 3. In a similar manner the stretch of the square can be
described by

U* = U*(X, (f, ~, T). (34)

In such a case the corotational gradient of the square deformation observed from the
position of orientation basis is determined by ty = mu*.

continuum

microelements
~---r/7

Fig. 3. Example of micromorphic structure.
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Table I. Dependence of strain measures on the orientation basis assumed for polar particles

Orientation basis

Polar particle rotation

Displacement deformation of polar particle

Angular deformation of polar particle

Deformation of the first microelement

Deformation of the second microelement

Identified with the
first microelement

Q

U

9lU*

Identified with the
second microelement

Q* = Q9l

U*

Now, instead of the triangle let us take the square as the orientation basis. From the
viewpoint of the new basis the polar particle strains may reach new values (f* and ~* (see
Table 1). Consequently, the constitutive equations (20) and (21) transform into

tfJ = tfJ*(X, (f*, ~*, T),

J = J*(X, (f*, ~*, T). (35)

Hence, the considered equations depend on what we mean by the orientation basis for a
polar particle. On the other hand, their general form is independent of the orientation basis
choice.

6. DISCUSSION

It has been shown that the thermodynamically admissible constitutive equations for a
polar elastic medium are given by eqns (20), (21) and (26). The price which we have to pay
for the rejection of the conservation law for inertia is a more advanced form of the
constitutive equations (27).

Equations (27) may seem to be non-objective and there may arise some questions.
Let us consider the axiom of the material frame-indifference. According to (27) the stresses
determined by one observer may reach different values in comparison with the stresses
calculated by another observer moving with the translatory and rotary motion in relation
to the first one. This is nonsense because the axiom cannot be applied indirectly to (27). In
the case of a system of rigid bodies it is generally known that if the first observer is in an
inertial system then the second observer is also in an inertial system only if the second one
is in the steady translatory motion in relation to the first one. Otherwise, the second observer
is in a non-inertial system, e.g. for the steady translatory and rotary motion. In such a case
the local balance laws for polar continuum take a form different from (l3h3,4 and (19), see
e.g. the Coriolis acceleration. Because of the limited size of the paper the present con
siderations concern the polar body behaviour in the inertial frame. However, replacing (19)
by the equations proper for a relative motion it can also be proved that the polar elastic
media may be defined by (20), (21) and (26).
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APPENDIX

For a polar medium many vectors can be shifted in the position space IR as well as in the orientation space
iJt. The following shifters are defined on IR:

!IK == ek
, EK ,

gf == EK 'ek'

We also define the mixed shifters:

g~ == EK'Ea ,

g~ == EEl'EK •

Besides the following angular shifters can be defined

!k. == eO' EEl,

g~ == EEl 'eo'

It is easy to prove that!IK = !I.!k.g~.

Alternating tensors are defined at the points x and X of IR as follows:

eklm == ±BklmJdet(g), EKLM == ±BKLMJdet(G),

(AI)

(A2)

(A3)

(A4)

where Bklm is the permutation symbol and the sign ± is positive for a right-handed coordinate system and negative
for a left-handed one. Similarly, at the points'" and ell of iJt we may define, respectively,

eOp, == +Bop,Jdet (g), 894>A == B94>AJdet(~).

Note that the shifters introduced above lead to the following important relationships:

and

(A5)

(A6)

(A7)


